We construct a new class of (n + 1)-dimensional (n ≥ 3) black hole solutions in EinsteinBorn-Infeld-dilaton gravity with Liouville-type potential for the dilaton field and investigate their properties. These solutions are neither asymptotically flat nor (anti)-de Sitter. We find that these solutions can represent black holes, with inner and outer event horizons, an extreme black hole or a naked singularity provided the parameters of the solutions are chosen suitably. We compute the thermodynamic quantities of the black hole solutions and find that these quantities satisfy the first law of thermodynamics. We also perform stability analysis and investigate the effect of dilaton on the stability of the solutions.
superstring and an Abelian gauge field theory. This action, describing a Born-Infeld-dilaton-axion system coupled to Einstein gravity, can be considered as a non-linear extension in the Abelian field of Einstein-Maxwell-dilaton-axion gravity. Some efforts have been done to construct exact solutions of Einstein-Born-Infeld (EBI) gravity. Exact solutions of Born-Infeld systems with zero cosmological constant has been studied by many authors [7, 8] . Thermodynamics of Born-Infeld black holes have been discussed in [9] . The exact five-dimensional charged black hole solution in Lovelock gravity coupled to Born-Infeld electrodynamics was presented in [10] . Black hole solutions to the theory with derivative corrections to the Born-Infeld action were derived in [11] . A class of slowly rotating black hole solutions in Born-Infeld theory has been obtained in [12] . In the presence of cosmological constant, black hole solutions of Einstein-Born-Infeld (EBI) theory with positive [13, 14] , zero or negative constant curvature horizons have also been constructed [15] . Recently, the thermodynamical properties of these black hole solutions in (A)dS spacetime have been studied [16] . Unfortunately, exact solutions to the Einstein-Born-Infeld equation coupled to matter fields are too complicated to find except in a limited number of cases. Indeed, exact solutions to the Einstein Born-Infeld dilaton (EBId) gravity are known only in three dimensions [17] . Numerical studies of the EBId system in four dimensional static and spherically symmetric spacetime have been done in [18] . Some limited classes (factorized solutions) of four dimensional black hole in EBId theory with magnetic or electric charge have also been constructed [19, 20] . Till now, exact black hole solutions of EBId gravity in more than four dimensions have not been constructed. Our aim in this paper is to construct a new class of exact, spherically symmetric solution in (n+1)-dimensional Einstein-Born-Infeld-dilaton gravity for an arbitrary value of coupling constant with one and two Liouville-type potentials and investigate their properties. Specially, we want to perform a stability analysis and investigate the effect of dilaton on the stability of the solutions.
The organization of this paper is as follows: In Sec. II, we construct a class of (n + 1)-dimensional black hole solutions in EBId theory with one and two liouville type potentials and general dilaton coupling and investigate their properties. In Sec. III, we obtain the conserved and thermodynamical quantities of the (n + 1)-dimensional black hole solutions and show that these quantities satisfy the first law of thermodynamics. In Sec. IV, we perform a stability analysis and show that the dilaton creates an unstable phase for the solutions. We finish our paper with some concluding remarks.
II. FIELD EQUATIONS AND SOLUTIONS
We consider the (n + 1)-dimensional (n ≥ 3) action in which gravity is coupled to dilaton and Born-Infeld fields
where R is the Ricci scalar curvature, Φ is the dilaton field and V (Φ) is a potential for Φ. The
Born-Infeld L(F, Φ) part of the action is given by
Here, α is a constant determining the strength of coupling of the scalar and electromagnetic field and F 2 = F µν F µν , where F µν = ∂ µ A ν − ∂ ν A µ is the electromagnetic field tensor and A µ is the electromagnetic vector potential. γ is called the Born-Infeld parameter with dimension of mass.
In the limit γ → ∞, L(F, Φ) reduces to the standard Maxwell field coupled to a dilaton field
On the other hand, L(F, Φ) → 0 as γ → 0. It is convenient to set
where
The equations of motion can be obtained by varying the action (1) with respect to the gravitational field g µν , the dilaton field Φ and the gauge field A µ which yields the following field equations
In particular, in the case of the linear electrodynamics with L(Y ) = − 1 2 Y , the system of equations (7)- (9) reduce to the well-known equations of Einstein-Maxwell dilaton gravity [21] .
We wish to find static and spherically symmetric solutions of the above field equations. The most general such metric can be written in the form
where, dΩ 2 n−1 denotes the metric of an unit (n − 1) sphere. The functions f (r) and R(r) should be determined. The electromagnetic fields equation can be integrated immediately, where all the components of F µν are zero except F tr :
where q is an integration constant related to the electric charge of the black hole. It is interesting to consider three limits of (11) . First, for large γ (where the BI action reduces to Maxwell case)
we have F tr = qe 2αΦ
(rR) n−1 as presented in [21] . On the other hand, if γ → 0 we get F tr = 0. Finally, in the absence of the dilaton field (α = 0), it reduces to the case of (n + 1)-dimensional EinsteinBorn-Infeld theory (see for example [14, 15] ).
A.
Black hole solutions with a Liouville type potential First, we consider the action (1) with a Liouville type potential,
where Λ and ζ are constants. One may refer to Λ as the cosmological constant, since in the absence of the dilaton field the action reduces to the action of EBI gravity with cosmological constant [14, 15] . Here, we have redefined the cosmological constant as Λ = −n(n − 1)/2l 2 . In order to solve the system of equations (7) and (8) for three unknown functions f (r), R(r) and Φ(r), we make the ansatz R(r) = e 2αΦ/(n−1) .
Using (13), the electromagnetic fields (11) and the metric (10), one can easily show that equations (7) and (8) have solutions of the form
The integral can be done in terms of hypergeometric functions and can be written in a compact form. The result is
Here b is a arbitrary constant and β = α 2 /(α 2 + 1). In the above expression, m appears as an integration constant and is related to the ADM mass of the black hole. In order to fully satisfy the system of equations, we must have
,
One may note that as γ −→ ∞ these solutions reduce to the (n + 1)-dimensional charged dilaton black hole solutions given in Ref. [21] . In the absence of a non-trivial dilaton (α = β = 0), the above solutions reproduce correctly the asymptotically flat Born-Infeld black hole (see for example [9] ). Using the fact that 2 F 1 (a, b, c, z) has a convergent series expansion for |z| < 1, we can find the behavior of the metric for large r. This is given by
Note that in the limit γ → ∞ and α = β = 0, it has the form of Reissner-Nördstrom black hole.
The last term in the right hand side of the above expression is the leading Born-Infeld correction to the RN black hole with dilaton field in the large γ limit.
B. Black hole solutions with two Liouville type potential
Second, we present exact, (n + 1)-dimensional solutions to the EBId gravity equations with an arbitrary dilaton coupling parameter α and dilaton potential
where Λ 0 , Λ, ζ 0 and ζ are constants. This kind of potential was previously investigated by a number of authors both in the context of F RW scalar field cosmologies [22] and EMd black holes [21, 23, 24] . This generalizes further the potential (12) . If ζ 0 = ζ, then (20) reduces to (12), so we will not repeat these solutions, thus we require ζ 0 = ζ. Again, using (13), the electromagnetic fields (11) and the metric (10), one can easily show that equations (7) and (8) have solutions of the form
where b is a arbitrary constant and m the mass parameter. Φ(r) and Γ are given by Eqs. (15)- (16).
Setting Λ = 0 in (21) one recover (14) . In order to fully satisfy the system of equations, we should have ζ = 2α/(n − 1), and a similar relation to Eq. (18) for ζ 0 and Λ 0 . We can also turn out the integration and express the solution in terms of hypergeometric function
One may note that as γ −→ ∞ these solutions reduce to the (n+1)-dimensional charged dilaton black hole solutions given in Ref. [21] . In the absence of a non-trivial dilaton (α = β = 0), the above solutions reduce to the Born-Infeld black hole in (A)dS space presented in [14, 15] . Again, we can find the behavior of the metric for large r. This is given by
Note that in the limit γ → ∞ and α = β = 0, it has the form of Reissner-Nordstrom (A)dS black hole [25] . The last term in the right hand side of the above expression is the leading Born-Infeld correction to the RN(A)dS black hole with dilaton field in the large γ limit [21] .
Properties of the solutions
Since the solution (14) can be obtained from (21) by setting Λ = 0, in the remains part of paper we focus on (21) . In order to study the general structure of these solutions, we first look for the curvature singularities in the presence of dilaton gravity. It is easy to show that in the presence of dilaton field, the Kretschmann scalar R µνλκ R µνλκ diverges at r = 0, it is finite for r = 0 and goes to zero as r → ∞. Thus, there is an essential singularity located at r = 0. The spacetime is neither asymptotically flat nor (A)dS. It is notable to mention that these solutions do not exist for the string case where α = 1. As one can see from Eq. (14) and (21) 
Figures (4) and (5), show that for a given value of α or γ, the number of horizons depend on the choice of the value of the mass parameter m. We see from these figures that up to certain value of the mass parameter m, there are two horizons, and as we decrease the m further, the two horizons meet. In this case we get extremal black hole. Numerical calculations show that when this condition is satisfied, the temperature of the black hole vanishes. To see this better we obtain the temperature of the black hole on the horizon. The Hawking temperature of the black hole on the outer horizon r + can be calculated using the relation
where κ is the surface gravity. Then, one can easily show that
There is also an extreme value for the mass parameter in which the temperature of the black hole is zero. It is a matter of calculation to show that
Indeed the metric of Eqs. (10) and (21) 
III. THERMODYNAMICS OF BLACK HOLE
In this section we want to compute the conserved and thermodynamics quantities of the EBId black hole. The metric presented in this paper is not be asymptotically flat, therefore we must use the quasilocal formalism to define the mass of the solutions (see [26, 27] for details). If we write the metric of spherically symmetric spacetime in the form
and the matter action contains no derivatives of the metric, then the quasilocal mass is given by
Here V 0 (r) is an arbitrary function which determines the zero of the energy for a background spacetime and r is the radius of the spacelike hypersurface boundary. When the spacetime is asymptotically flat, the ADM mass M is the M determined in (29) in the limit r → ∞. If no cosmological horizon is present, the large r limit of (29), is used to determine the mass. If a cosmological horizon is present one can not take the large r limit to identify the quasilocal mass.
However, one can still identify the small mass parameter in the solution [26, 27] . For the solution under consideration, there is no cosmological horizon and if we transform the metric in the form (28), then we obtain the mass of the black hole
where ω n−1 is the volume of the unit (n − 1) sphere. Black hole entropy typically satisfies the so called area law of the entropy [28] . This near universal law applies to almost all kinds of black holes and black holes in Einstein gravity [29] . It is a matter of calculation to show that the entropy of the black hole is
which shows that the area law holds for the black hole solutions in dilaton gravity. Next, we calculate the electric charge of the solutions. To determine the electric field we should consider the projections of the electromagnetic field tensor on spacial hypersurfaces. The normal to such hypersurfaces is
where N and V i are the lapse function and shift vector. Then the electric field is E µ =
n−1 F ρν u ν , and the electric charge can be found by calculating the flux of the electric field at infinity, yielding
The electric potential U , measured at infinity with respect to the horizon, is defined by
where χ = ∂ t is the null generator of the horizon. One can easily show that the gauge potential A t corresponding to the electromagnetic field (11) can be written as
where Υ = (n − 3)(1 − β) + 1. Therefore, the electric potential may be obtained as
Then, we consider the first law of thermodynamics for the black hole. In order to do this, we obtain the mass M as a function of extensive quantities S, and Q. Using the expression for the mass, the entropy and the charge given in Eqs. (30), (31) and (33) and the fact that f (r + ) = 0, one can obtain a Smarr-type formula as One may then regard the parameters S, and Q as a complete set of extensive parameters for the mass M (S, Q) and define the intensive parameters conjugate to S and Q. These quantities are the temperature and the electric potential
Numerical calculations show that the intensive quantities calculated by Eq. (38) coincide with Eqs.
(26) and (36). Thus, these thermodynamics quantities satisfy the first law of thermodynamics Finally, we would like to study the stability of the EBId black hole we have just found. Specially, we want to investigate the effect of dilaton on the stability of the solutions. The stability of a thermodynamic system with respect to small variations of the thermodynamic coordinates is usually performed by analyzing the behavior of the entropy S(M, Q) around the equilibrium.
The local stability in any ensemble requires that S(M, Q) be a convex function of the extensive variables or its Legendre transformation must be a concave function of the intensive variables. The stability can also be studied by the behavior of the energy M (S, Q) which should be a convex function of its extensive variable. Thus, the local stability can in principle be carried out by finding the determinant of the Hessian matrix of M (S, Q) with respect to its extensive variables [30, 31] . In our case the mass M is a function of entropy and charge. The number of thermodynamic variables depends on the ensemble that is used. In the canonical ensemble, the charge is a fixed parameter and therefore the positivity of the (∂ 2 M/∂S 2 ) Q is sufficient to ensure local stability. Numerical calculations show that the black hole solutions are stable independent of the value of the charge and Born-Infeld parameters q and γ, in any dimensions if α < α max , while for α > α max the system has an unstable phase (see figs. [6] [7] [8] . Notice that again we have kept fixed the other parameters l = 1, b = 1, r + = .08 in the figures 6-15. On the other hand, figures 9-11 show that there is always a low limit for electric charge q min for which the system is thermally stable provided q > q min . It is worth noting that α max and q min depend on the Born-Infeld parameter γ, and the dimensionality of space time. In figures 12-14 we plot (∂ 2 M/∂S 2 ) Q versus Born-Infeld parameter γ for different values of the parameters q, α and n. These figures show that, there is always a low limit for Born-Infeld parameter γ min , for which (∂ 2 M/∂S 2 ) Q is positive provided γ > γ min . It is notable to mention that γ min decreases with increasing q and increases with increasing α and n. Finally, in figure 15 we show more explicitly the thermal stability of the black hole solutions for small value of dilaton coupling α, in any dimensions for a fixed value of the charge parameter q and arbitrary Born-Infeld parameter γ.
V. CLOSING REMARKS
To sum up, we presented the (n + 1)-dimensional Einstein-Born-Infeld action coupled to a dilaton field and obtained the equations of motion by varying this action with respect to the gravitational field g µν , the dilaton field Φ and the gauge field A µ . Then, we constructed a new class of charged, black hole solutions to (n + 1)-dimensional (n ≥ 3) Einstein-Born-Infeld-dilaton theory with one and two Liouville-type potentials and investigated their properties. These solutions are neither asymptotically flat nor (anti)-de Sitter. These solutions do not exist for the string case where α = 1. In the presence of Liouville-type potential, we obtained exact solutions provided α = √ n. In the particular case γ −→ ∞, these solutions reduce to the (n + 1)-dimensional
Einstein-Maxwell-dilaton black hole solutions given in Ref. [21] , while in the absence of a non- trivial dilaton (α = β = 0), the above solutions reduce to the (n + 1)-dimensional Born-Infeld black hole in the presence of a cosmological constant presented in [14, 15] . We found that these solutions can represent black holes, with inner and outer event horizons, an extreme black hole or a naked singularity provided the parameters of the solutions are chosen suitably. We also computed temperature, mass, entropy, charge and electric potential of the black hole solutions and found that these quantities satisfy the first law of thermodynamics. We showed that these thermodynamic quantities are independent of the Born-Infeld parameter γ. We found a Smarr-type formula and performed a stability analysis in canonical ensemble by considering (∂ 2 M/∂S 2 ) Q for the charged black hole solutions in (n + 1) dimensions and showed that there is no Hawking-Page phase transition in spite of charge of the black hole provided α ≤ α max , independent of the values of the charge and Born-Infeld parameter, q, γ and the dimensionality of the space time, while the solutions have an unstable phase for α ≤ α max . We found that there is always a low limit for electric charge q min for which (∂ 2 M/∂S 2 ) Q is positive, provided q > q min . It is worth to note that α max and q min depend on the Born-Infeld parameter γ, and the dimensionality of space time. On the other hand, we found a lower limit for the Born-Infeld parameter γ min , for which (∂ 2 M/∂S 2 ) Q is positive provided γ > γ min . It is notable to mention that γ min decreases with increasing q and increases with increasing α and n. Note that the (n + 1)-dimensional black hole solutions obtained here are static. Thus, it would be interesting if one could construct rotating black hole solutions in (n + 1) dimensions in the presence of dilaton and Born-Infeld fields.
